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1 Overview

This session explored permutations through a physical activity. Students were assigned
numbered chits, applied a function by passing chits to prescribed recipients, and counted
how many rounds it took for every chit to return to its original holder. After observing that
chits break into independent loops, students investigated how to choose the function so as
to maximize the number of rounds before the system resets.

2 Part 1: The Chit-Passing Activity

Setup. Number n students 1, 2, . . . , n. Fix a function σ that assigns each number to some
other number (with no two students sharing a target). In each round, student i passes their
chit to student σ(i).

Example (n = 6)

The class used the function

1 → 2, 2 → 3, 3 → 1, 4 → 6, 5 → 4, 6 → 5.

Students tracked where each chit ended up after each round:

Round Chit 1 Chit 2 Chit 3 Chit 4 Chit 5 Chit 6
0 1 2 3 4 5 6
1 2 3 1 6 4 5
2 3 1 2 5 6 4
3 1 2 3 4 5 6

After 3 rounds every chit was back with its original holder.



What Students Noticed

1. Chits did not all wander freely through the group. They broke into two independent
loops: {1, 2, 3} cycled among themselves, and {4, 5, 6} cycled among themselves.

2. Each loop reset independently. A loop of length ℓ resets after exactly ℓ rounds.

3. The whole system resets once every loop has reset. Since both loops here had length
3, the system reset after 3 rounds.

4. If the loops had different lengths—say one of length 3 and one of length 2—the system
would need lcm(3, 2) = 6 rounds to reset, because that is the first moment both loops
simultaneously complete a whole number of cycles.

The Rule

If a function splits n students into loops of lengths ℓ1, ℓ2, . . . , ℓr, the number of rounds to
reset is

lcm(ℓ1, ℓ2, . . . , ℓr).

3 Part 2: Maximizing the Number of Rounds

Central question: “With n students, how should we choose the function to make the reset
take as long as possible?”

Since the loop lengths must add up to n, this becomes: split n into positive integers
whose lcm is as large as possible.

A First Idea That Doesn’t Work

The simplest function puts all n students in one big loop (1 → 2 → 3 → · · · → n → 1). This
resets after n rounds. Students initially guessed this was optimal.

But with 5 students, loops of lengths 3 and 2 give lcm(3, 2) = 6 > 5 rounds. Splitting
can beat a single loop.

Why Splitting Helps

The key insight is that coprime loop lengths multiply under lcm: if gcd(a, b) = 1, then
lcm(a, b) = a × b. So splitting 5 students into loops of 3 and 2 yields 3 × 2 = 6, which is
better than keeping them all in one loop of 5.

On the other hand, loops that share a common factor waste students. Two loops of
length 4 and 4 use 8 students but only give lcm(4, 4) = 4 rounds—no better than a single
loop of 4 with the other 4 students sitting idle.



Exploration for 12–15 Students

Students worked out the best possible splits:

12 students: Loops of lengths 5, 4, 3. These are pairwise coprime, so

lcm(5, 4, 3) = 60 rounds.

A single loop of 12 would only give 12 rounds. The split is five times better.

13 students: Still 5, 4, 3 as the active loops, with 1 student left over in a loop by
themselves (a fixed point). The lcm is still 60.

lcm(5, 4, 3, 1) = 60 rounds.

The extra student cannot improve on 60 because the only lengths that would help (say 7 or
11) would require too many students.

14 students: Loops of lengths 7, 4, 3.

lcm(7, 4, 3) = 84 rounds.

The extra student over the 13-student case allows a jump from a loop of 5 to a loop of 7,
which is coprime to both 4 and 3.

15 students: Loops of lengths 7, 5, 3.

lcm(7, 5, 3) = 105 rounds.

All three parts are coprime, and 7× 5× 3 = 105.

Patterns Students Observed

1. Optimal splits tend to use prime or prime-power loop lengths, because these are
more likely to be coprime to one another.

2. An extra student does not always help: 12 and 13 students both achieve 60 rounds.

3. The gain from splitting is dramatic. Fifteen students in a single loop gives 15 rounds;
the optimal split gives 105.

Problems

(a) With 10 students, what is the best split? How many rounds does it achieve?

(b) Why is the split (6, 4, 3) for 13 students worse than (5, 4, 3, 1)?

(c) With 16 students, can you beat 105 rounds? What about 17?

(d) (Challenge) Why do optimal splits never use a loop of length 6?


