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Combinatorics

This session started with a discussion on counting paths in the rectangular array.
Question: In this 5 × 7 box grid, you can move one box up, down, left, or right, but not

diagonally. What is the smallest number of steps in which you reach END? And how many such
shortest-length paths are there? For example, one such shortest path is highlighted below.
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After a long discussion, students realised that any such shortest path has to be of length 10
and came up with the idea of a direction sequence {U R U R R U R U R R R}, where {U} means
“Up” and {R} means “Right”, for specifying a path. Thus, they realized that listing paths is the
same as giving a direction sequence. On the other hand, each direction sequence must be of length
10 and must contain 4 U’s. Thus, it is now just a matter of selecting 4 positions to place U, so it
is

(
10
4

)
.

In the meantime, students came up with the following idea. There is 1 way to reach the box
marked A, and 1 way to reach the box marked B. For the box marked C, there are 2 ways because
it can be reached either via B or A. In general, say there are x ways to reach the box marked X
and y ways to reach the box marked Y ; then there are x + y ways to reach the box marked Z.
Similarly, if you do this for every square, you will get 210 for END.
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Filling each square with the number of shortest-length paths will lead to:

1 5 15 35 70 126 210

1 4 10 20 35 56 84

1 3 6 10 15 21 28

1 2 3 4 5 6 7

1 1 1 1 1 1 1
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Students also observed that the entries of this rectangular array are the same as the diagonals in
Pascal’s triangle. In fact, that rectangle itself can be inscribed in Pascal’s triangle as follows.
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1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1

1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1
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Problem for practice: How many shortest length paths are there that avoids the black square
in the rectangular array shown below?
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Graph Theory

We explored A few problems that will lead us to the concept of degree of a vertex in graph theory
(for next time). The problems combine combinatorial thinking with graph techniques.

The first four problems are a good example of how the same underlying problem can appear in
different situations.

1. There are 9 computers connected with several cables to make a network (each cable connects
a pair of machines). Is it possible for each computer to be connected to exactly 3 others?

2. In the country of Farawaynia, there are 9 towns; some are connected by roads, others are not.
Is it possible that each of the towns is connected to exactly 3 other towns?

3. In a certain company, each employee has exactly 3 friends among the co-workers. Is it possible
that this company has exactly 9 employees?

4. It is known that 3 edges meet at every vertex of a polyhedron. Is it possible for this polyhedron
to have exactly 9 vertices?
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5. Twelve gentlemen met at a part. 10 of them shook hands with everyone else; the other 2 (who
quarreled) shook hands with everyone but each other. How many handshakes took place?

6. Our office has 9 computers.
(a) Link them so every computer is connected with exactly 4 others. How many cables are
needed? Can you draw such a configuration?
(b) Connect each computer with exactly 5 others. Is this possible?

For the next part, we explored the following exercises in geometry with the aid of paper folding.
This set of exercises is an adaptation of the chapter on equilateral triangles in the book ‘Geometric
exercises in paper folding’ by T. Sundara Row.

1. Begin with your square piece of paper. Fold one pair of opposite edges together so they match
perfectly. Unfold.

• What shape does the crease make?

• Mark the midpoint of each side touched by the crease.

2. Pick any point along the crease. Fold a crease through this point and the two corners of the
square that are on each side of it.

• Notice the triangle shape that forms at the fold.

• Draw or outline the triangle formed.

• How does the crease divide this triangle?

3. If you choose any point C on the fold crease and form a triangle CAB, the resulting triangle
will be .

4. Now if we choose C so that CA = AB, then the resulting triangle will be .

5. How do we choose a point C so as to give us an equilateral triangle ABC?

6. Can you identify the folds that will give you the altitudes in ∆ABC?

7. Fold each corner of the triangle to the midpoint of the opposite side (the base). Unfold to
see the new creases.

• How many creases do you see?

• Draw the triangle and all its creases. Label them as altitudes.

8. Each altitude splits the triangle into two equal right-angled triangles. Shade all six right
triangles you find.

9. Notice where all three altitudes cross—mark that point O.

• Is this point inside the triangle?

• Why do you think it’s special?

10. Use a compass or trace to draw a circle centered at point O that passes through points A, B,
and C. Draw another circle centered at O that just touches all three sides (inscribed circle).

11. Compare the two circles. Measure their radii. What is the relationship between the radii of
the big circle and the small circle?

12. Look at the angles made by the altitudes at point O.

3



• How many equal angles meet at the center?

• What is the measure of each angle?

13. Find the measure of the angles at each corner of your equilateral triangle.

14. Draw and fold the triangle inside your triangle (connect the midpoints of each side with
straight lines to form a smaller triangle).

How does the size compare with the original?

15. Find and draw any rhombuses formed by the creases and folds. Color these shapes.

16. How many congruent right-angled triangles can you spot in your folded triangle?

17. Are the rhombuses all the same size? Mark and compare them.

Problems for practice

1. During a chess tournament, some people played 5 games, some played 6. Prove that the
number of people who played 5 games is even.

2. Eight people came to a party; some shook hands. Is it possible that 6 of them shook hands
with 6 different people, and 2 shook hands with only 2 each?

3. Martian amoebas: a red amoeba divides into 5 blue amoebas; a blue into 7 red. Starting with
1, you finish with 100 in the jar. Why must some have escaped?
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