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1 Overview

This session introduced counting principles through a concrete-to-abstract progression: from
placing crosses on grids to permutations, combinations, and ultimately set-theoretic inclusion-
exclusion. Students discovered factorials and binomial coefficients through guided grid ex-
ploration, then transitioned to formal set operations when Venn diagrams became unwieldy.

2 Part 1: Permutation Matrices

Central question: “How many ways can we place crosses in an n×n grid so that each row
and each column has exactly one cross?”

Exploration

Case n = 2:
Students enumerated directly: (

× ·
· ×

)
,

(
· ×
× ·

)
yielding 2 arrangements.

Case n = 3: Students found 6 arrangements.
Case n = 4: Students found 24 arrangements.

Key Observations

1. The counts follow the pattern 2, 6, 24, i.e. 2!, 3!, 4!

2. Each arrangement corresponds to a permutation: the cross in row i occupies column
σ(i), where σ is a bijection {1, . . . , n} → {1, . . . , n}

3. The number of such arrangements for an n× n grid is n!



Extension: Crosses and Circles

Question: “What if we also place circles, one per row and one per column, on distinct cells
from the crosses?”

For n = 3: students found 12 arrangements.
Explanation: Choose a cross-permutation (3! = 6 ways). The circles must then form

a permutation on the remaining cells, avoiding every column already occupied in that row.
This forces the circle-permutation to be a derangement of the cross-permutation. Since
D3 = 2, the total is 3!×D3 = 6× 2 = 12.

Problems

(a) How many arrangements exist for a 5× 5 grid with one cross per row and column?

(b) For the 4×4 case with both crosses and circles, compute the answer using derangements.
(Hint: D4 = 9.)

(c) Prove that the number of permutations of {1, . . . , n} is n! by induction.

3 Part 2: Combinations

Central question: “How many ways can we place 3 identical crosses on a 3× 3 board with
no row/column restrictions?”

Student Attempts

1. First attempt: 9× 8× 7 = 504. This counts ordered selections of 3 cells from 9.

2. Second attempt: 504/3 = 168. Students tried dividing by 3 to account for identical
crosses.

3. Correction: Each unordered arrangement of 3 crosses corresponds to 3! = 6 ordered
sequences (not 3). Hence the answer is 504/6 = 84.

Formalization

The number of ways to choose k items from n (without order) is the binomial coefficient :(
n

k

)
=

n!

k!(n− k)!

For our problem:
(
9
3

)
= 9!

3!·6! =
9×8×7

6
= 84.

Key Insight

The overcounting factor when selecting k objects in order is exactly k!, the number of ways to
rearrange k items. This connects combinations back to the permutations studied in Part 1.



Problems

(a) Compute
(
9
4

)
and interpret it as a cross-placement problem.

(b) How many ways can 5 crosses be placed on a 4×4 board? Why is this zero for k > 16?

(c) Show that
(
n
k

)
=

(
n

n−k

)
and give a combinatorial explanation.

4 Part 3: Bijections and Permutations

Question: “How many bijections are there from {1, 2} to {1, 2}?”
Students connected this directly to the 2× 2 grid problem:

• A bijection f : {1, 2} → {1, 2} assigns each element of the domain to a distinct element
of the codomain

• This is identical to placing crosses in a 2× 2 grid with one per row and column

• Answer: 2! = 2

Extension: Bijections from {1, 2, 3} to {1, 2, 3}: answer 3! = 6.

Formalization

The set of all bijections {1, . . . , n} → {1, . . . , n} is denoted Sn, the symmetric group on n
elements. We have |Sn| = n!.

Problems

(a) How many bijections exist from {1, 2, 3, 4} to {a, b, c, d}?

(b) How many injections (one-to-one, not necessarily onto) exist from {1, 2, 3} to {1, 2, 3, 4, 5}?

(c) How many functions (not necessarily bijections) exist from {1, 2, 3} to {1, 2, 3}?

5 Part 4: Inclusion-Exclusion

Motivating problem: “There are 1000 students in a school. 300 study Math, 200 study
History, and 100 study both. How many study Math or History?”

Two-Set Case

Students initially proposed 300 + 200 = 500, but recognized the double-counting of the 100
students in both subjects.

Correct answer: 300 + 200− 100 = 400.
Formalization:

|A ∪B| = |A|+ |B| − |A ∩B|



Three-Set Case

A third subject (Physics) was introduced. The Venn diagram began to get unwieldy.
General formula for three sets:

|A ∪B ∪ C| = |A|+ |B|+ |C| − |A ∩B| − |A ∩ C| − |B ∩ C|+ |A ∩B ∩ C|

Four-Set Case

A fourth subject (Tamil) was introduced. Drawing Venn diagrams for four sets is messy,
motivating the need for formal set-theoretic notation.

Set Theory Notation Introduced

• Union: A ∪B = {x : x ∈ A or x ∈ B}

• Intersection: A ∩B = {x : x ∈ A and x ∈ B}

• Cardinality: |A| denotes the number of elements of A

General Inclusion-Exclusion Principle

For n sets A1, A2, . . . , An:∣∣∣∣∣
n⋃

i=1

Ai

∣∣∣∣∣ =
n∑

k=1

(−1)k+1
∑

1≤i1<···<ik≤n

|Ai1 ∩ · · · ∩ Aik |

Key Observations

1. The alternating signs correct for successive rounds of overcounting and undercounting

2. The number of terms grows rapidly:
(
n
1

)
+
(
n
2

)
+ · · ·+

(
n
n

)
= 2n − 1

3. Formal notation replaces unwieldy diagrams and scales to any number of sets

Problems

(a) In a class of 50 students: 30 play cricket, 25 play football, 10 play both. How many
play neither?

(b) Among 100 integers from 1 to 100, how many are divisible by 2 or 3? (Use inclusion-
exclusion.)

(c) Compute |A ∪B ∪ C| when |A| = 40, |B| = 35, |C| = 30, |A ∩B| = 15, |A ∩ C| = 10,
|B ∩ C| = 12, |A ∩B ∩ C| = 5.

(d) Use inclusion-exclusion to derive a formula for the number of derangements Dn, con-
necting back to Part 1.


